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Wave velocity in parallel flows of a viscous fluid
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It is shown in this note that the velocity of unstable or neutral waves in plane
Poiseuille flow or plane Couette—Poiseuille flow, or of axisymmetric waves in
Poiseuille flow, stable or unstable, must lie within the range of the velocity of
the flow.

1. Introduction

Bounds for the real part of the complex wave velocity ¢ appearing in the Orr—
Sommerfeld equation have been given by Synge (1938) for plane Couette and
Poiseunille flows. Synge’s results were extended by Pai (1954) to apply to more
general flows, and Pai’s results were sharpened by Joseph (1968). For the plane
Couette flow it is already evident from Synge’s results that the real part of
¢ = ¢, +ic;, must be within the range of the velocity U of the flow, whatever
its imaginary part may be. For other lows the bounds of ¢, given by all three
authors mark an interval greater than the range of U; but their results are for
all possible values of ¢;, hence for all kinds of waves —amplified, neutral or damped.

In this note we shall derive some results from which we deduce immediately
that the velocity ¢, of unstable and neutral waves (in fact, even some damped
ones) in plane Poiseuille and plane Couette—Poiseuille flows (combinations of
a plane Couette flow with a plane Poiseuille flow) must be within the range of
the velocity of the flow. Furthermore, we shall show that axisymmetric dis-
turbances in Poiseuille flow (in circular pipes) always propagate with a velocity
which is within the range of the velocity of the flow, whether the disturbances
are stable, neutral or unstable.

2. Recapitulation of some known results for plane flows
The Orr-Sommerfeld equation is
(D2—a?)? ¢ = iaR[(U—c) (D*—a®) §—U"P], (1)
in which the unknown ¢ is the (complex) amplitude of the stream function,  is
the wavenumber, B the Reynolds number, U the dimensionless velocity (in the
x direetion), ¢ the complex wave velocity ¢, +ic; and
D =dldy, U" = DU,

y being the dimensionless Cartesian co-ordinate normal to the direction of flow,
on which alone U depends. Since the stream function is

¥ = (y) exp {ia(z —ct)},
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the rate of growth of the waves is ac;, and the waves are stable, neutral or un-
stable according as c; is negative, zero or positive. The parameters o and R are
by definition positive. With ¢’ denoting D¢, the boundary conditions are

$(0) = ¢'(0) = 0 = ¢(1) = ¢'(1). (2)

By multiplying (1) by ¢*, the complex conjugate of ¢, and integrating, using
(2) whenever necessary, Synge (1938) obtained

fl(Dz_a2)¢l2+aRciJ‘P = iaR[—f(U—c)P+J'U'¢¢/*], (3)
i which P = |l adlgl,

the limits of integration are understood to be zero and one, and the differential
dy is omitted for all integrals, for convenience. Since

Re [U'g¢* = ~3 [ U"Ig]"
we conclude from (3), upon taking its imaginary part, that
[(U=c)P+4[U"|g]2 = 0. (4)

From (4) we obtain the following known results which were already evident from
the results of Synge [see equation (3) of Joseph (1968), which is Synge’s result]:

¢, > Unin if U” = 0 throughout, (5)
¢, < Umax if U” < 0 throughout, (6)
Unin < ¢, < Unax if U” = 0 throughout. (7

These results of Synge are for any waves (or disturbances), amplified, neutral
or damped.

3. New results for unstable and neutral waves in plane flows
Let F(y) be defined by
(U—c)F = ¢. (8)
Note that F is never infinite if ¢; + 0, or if ¢, is outside the range of U. The Orr—
Sommerfeld equation then becomes
(D2 —a?)?[(U —c) F] = taR{[(U —c)? F') —o*(U —¢)2 FY}, (9)

in which the prime indicates differentiation with respect to y. The boundary
conditions on F are, so long as U — ¢ does not vanish on the boundary (we shall
return to this point later),

F(0) = F'(0) = 0 = F(1) = F'(1). (10)

Multiplying (9) by F*, the complex conjugate of F, and integrating between
zero and one, using (10) whenever necessary, we obtain

[(U=c)|(D?—o2) F2—2[U"|F'|2+ % [UN|F|2—ic; [|(D*— o) F|2—o2[U"|F|?
+ [U(F'F* —F¥F")— 4 [ U"(FF* — F'F*)+ 02 [U'(FF* — F*F")
= iaR{— [[(U—c,*—c}) Q+i2¢; [(U—c,) @}, (11)
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in which Q = |F'*+a?|F|2 (11a)

The last four terms on the left-hand side of (11) are imaginary. Taking the real
part of (11), we obtain

[(U=c)[[(D*~a?) F|2+ 2aRc, Q] -2 [U"|F'|*+} [UN|F|2— o[ U”| F|? = 0. (12)
From this equation we conclude that
Unax > ¢, if ¢;>0, and U” >0, U < 0throughout, (13)
Unm <c¢, if ¢;>0, and U” <0, U > 0throughout. (14)
If ¢, = 0, the function F is well defined if ¢, > Umax or ¢, < Unin, and (12) states
that, for neutral waves,
¢, > Umax is impossible, or Unax > ¢,, if U” > 0, U < 0 throughout, (15)
¢, < Unn is impossible, or Uni < ¢,, if U” < 0, U > 0 throughout. (16)

For plane Poiseuille flow or plane Couette—Poiseuille flows, U” is either positive
throughout or negative throughout, and U is zero. Hence for such flows (5),
(6), (13) and (14) give

Umin < GT < Umax fOI‘ C’l: > 0, (17)

and (5), (6), (15) and (16) give
Umjn < C,. < Umax if U” > 0, Ci = 0, (18)
Um]n < Gr < Umax if U” < 0, Gi = 0. (19)

In the next section we shall show that for neutral waves in plane Poiseuille
or plane Couette—Poiseuille flows ¢, cannot attain Umax or Unin. This point is
important whenever one attempts to calculate the neutral-stability curves by
asymptotic methods, for if ¢, = Unax or ¢, = Umin the critical layer would always
include the boundary, however large the Reynolds number, and the existing
calculations would break down.

4. Neutral and some damped modes in plane flows
We now concentrate on plane Poiseuille and plane Couette—Poiseuille flows.

Thus U” = constant, U = 0.
We shall define a new F by

(U—c)) F = ¢, (20)
where €y = C,+1Cy; = ¢, +i[c; + 4m¥(aR)1]. (21)

Note that F is never infinite if
¢; > —4n*(aR).

The Orr-Sommerfeld equation can then be written as

(D2 —a)? §+ 4n%(¢" — o) = iaR[(U —¢,) (" —a*¢) — U"p),
or
(D2 —a?) (D% —a®) + 47*] [(U —¢;) F] = 1aR{[(U —¢,* F') ~o¥(U —c,)* F},  (22)
45 FLM 58
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with the boundary conditions
F(0) = F'(0) = 0 = F(1) = F'(1). (23)

By multiplying (22) by F* and integrating between zero and 1, using (23)
whenever necessary, we obtain

T —i4m?(@R) [|(D?—a?) F|*— 4n? [(U —c,) @ — 4n® [U'FF'*
= —iaR [(U=c1)*Q = —iaR{[[(U ~¢,) = c}]Q~2icy; [(U—c,) @}, (24)

in which @ is defined by (11a), with the F therein defined by (20), and 7' stands
for terms on the left-hand side of (11), with the F now defined by (20). Noting that

Re [U'FF'* = —[U"|F3,
and taking the real part of (24), we have (now that U” is constant and U¥ = 0)
[(U —c) [|(D?—a?) F|2+ 2(aRe, + 27%) Q] = 2U"I +a2[U”|F|2,  (25)

in which I= [(|F|2—=|F]?) > 0, (26)

as is well known. Thus (25) gives k
Cp <Umax if U">0, ¢, >-21%aR)™?, (27)
Unin<c, if U’ <0, ¢;=-—2n%aR)™. (28)

Note that for ¢; = — 2m(aR) (29)

F is certainly well defined (i.e. it never becomes infinite) by (20), for any values
of ¢,. On combining (27) and (28) with (5) and (6), we conclude that when (29)
is satisfied

Unin < Cp < Umnax

for plane Poiseuille and plane Couette—Poiseuille flows; or, ignoring the damped
modes, we may state the results in the following theorem

TreorEM 1. The velocity (c,) of neutral or unstable shear waves in plane
Poiseuille flow or in plane Couette—Poiseuille flows must be within the range of
the velocity of the flow, and the maximum or minimum of the flow velocity is
never attained by c,.

Recalling also that c; is bounded (Yih 1969) above by

S (30)

. L+ 2021 + o4l
L+e2l,

L= (|5 L= [|¢'2 L= [|g]%
g = max |U'(y)|,

with A% =

we can state the following theorem.
THEOREM 2. For plane Poiseuille or plane Couette-Poiseuille flows, the eigen-
values ¢ for neutral and unstable waves lie inside or on the horizontal boundaries
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of a rectangle in the complex-¢ plane which has the range of the flow velocity as
its base and % defined by (30) as its height, provided 4 is positive.7

This theorem (a rectangle theorem) corresponds to Howard’s semicircle
theorem for the Rayleigh equation or the differential equation for flows of an
inviscid stratified fluid (Howard 1961), and I present it to Professor Howard in
return for the delight that his semicircle theorem has given me.

5. Results for Poiseuille flow
For Poiseuille flow the mean velocity is given by
W(r) = Wyt =r?),

in which r is the radial distance from the centre-line of the circular pipe,
measured in units of the pipe radius r,. For axisymmetric disturbances the Stokes
stream function ¢ can be used, and the perturbation part of it, denoted by ¥,

has the form ¥’ = @(r) exp {ia(z —ct)},

in which 2 is measured along the centre-line in units of r,, « is the dimensionless
wavenumber, ¢ is the complex wave velocity (c,+ ic;) measured in units of W,
and tis the time, measured in units of 7,/W,. Then the equation governing stability

is] (L—a?)2¢ = iaR(1—r2—c) (L—o2) ¢, (31)
in which R = W,r,/v is the Reynolds number and
PR E R Y Y ) A LK
drt " rdr 1 dr\dr r dr|rdr
The boundary conditions are (if primes denote d/dr)
¢(1)=0=¢'(1), ¢(r) regularat r=0. (32)

If (31) is multiplied by r¢*dr and integrated from zero to one, the result is,
after (32) has been applied,

1 1
L+ 202 + o]y = — iaRJ (1—r2—c)Qdr+ '520LRJ (rop) (r*)dr,  (33)
0 0

in which Q= r—1|(r¢)’|2+a2r|¢12,
1 1
L[ rigiar, 1= [ Jiegrpan, L= [ rzgiar
1 1
Since J= f (rd) (rg*)dr = — f (rg*Y (rh) dr,
0 0

the real part of J is zero. Taking the imaginary part of (33), we have

fl(l—r2—c,.)er =0,
0

+ If h is zero or negative for some R, the flow is stable (at most neutrally stable) for
that value of R, and we do not need theorem 2.

1 Apart from slight changes in notation, this is equation (1.3.34) in Lin (1955, p. 10),
in which ¢ should read o R.
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which demands that 0<ec <1, (34)

which states that c, is within the range of W|W,, or that the dimensional wave
velocity ¢, W, is within the range of W.

We shall now establish an upper bound for c¢;. First we note that the regularity
of ¢(r) at r =0 implies that $(0) = 0, as indeed it must, for otherwise the
radial part (u) of the perturbation velocity would be infinite there. Since

$(1)=0=¢(0) and 0<7r<1,

we have IL = f(l/r) |(ré)'|2 > “(rqﬂ)'lz > 2 f |ré]2, (35)
as is well known. Furthermore, Schwarz’s inequality gives

i2 [(rg) (r¢*) < 2 [|(rg)'| [rg*] < [lrg) >+ [|ro|2. (36)
Hence 12J € 7727:2_ 1fl(r¢)'l2 < ﬂ:: 114, with I, = der. (37)

Taking the real part of (33), we have
—aRe, I, +120RJ = I, + 2021 + atl,
from which we deduce, using (37), the result

m4+1 A2
Ci<h5<7‘—-&§, (38)
L+ 2021 + a*l,
1, :

The value of A2 can be calculated from (39) and the boundary conditions on ¢.
We shall state the results obtained in this section in the following two theorems.

TrEOREM 3. For Poiseuille flow, the velocity ¢, of all shear waves, whether they
be stable, neutral or unstable, must be within the range of the velocity of the
flow, the maximum or minimum of which is never attained by c,.

THEOREM 4. For Poiseuille flow, the eigenvalues ¢ for neutral or unstable waves
lie inside or on the lower horizontal boundary of a rectangle in the complex-c
plane, which has the range of the flow velocity as its base and & defined in (38)
as its height, provided % is positive.

where A% = min (39)

This work has been jointly supported by the National Science Foundation
and the Office of Naval Research.

REFERENCES

Howarp, L. N. 1961 Note on a paper by John W. Miles. J. Fluid Mech. 10, 509-512.

JoserH, D. D. 1968 Eigenvalue bounds for the Orr-Sommerfeld equation. J. Fluid Mech.
33, 617-621.

Lin, C. C. 1955 The Theory of Hydrodynamic Stability. Cambridge University Press.

Par, 8.1, 1954 On a generalization of Synge’s criterion for sufficient stability of plane
parallel flows. Quart. Appl. Math. 12, 203-206.

Synem, J. L. 1938 Hydrodynamical stability. Semicentenn. Publ. Am. Math. Soc. 2, 227—
269.

YiH, C.-S. 1969 Note on eigenvalue bounds for the Orr—Sommerfeld equation. J. Fluid
Mech. 38, 273-278.





